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Abstract 

The fermionic condensate is investigated in a (2+l)-diniensional conical spacetime in the 
presence of a circular boundary and a magnetic flux. It is assumed that on the boundary the 
fermionic field obeys the MIT bag boundary condition. For irregular modes, we consider a 
special case of boundary conditions at the cone apex, when the MIT bag boundary condition 
is imposed at a finite radius, which is then taken to zero. The fermionic condensate is a 
periodic function of the magnetic flux with the period equal to the flux quantum. For both 
exterior and interior regions, the fermionic condensate is decomposed into boundary-free and 
boundary-induced parts. Two integral representations are given for the boundary-free part 
for arbitrary values of the opening angle of the cone and magnetic flux. At distances from 
the boundary larger than the Compton wavelength of the fermion particle, the condensate 
decays exponentially with the decay rate depending on the opening angle of the cone. If the 
ratio of the magnetic flux to the flux quantum is not a half-integer number, for a massless 
field the boundary-free part in the fermionic condensate vanishes, whereas the boundary- 
induced part is negative. For half-integer values of the ratio of the magnetic fiux to the flux 
quantum, the irregular mode gives non-zero contribution to the fermionic condensate in the 
boundary-free conical space. 



PACS numbers: 03.70. -Fk, 04.60. Kz, 11.27.-hd 



1 Introduction 

Field theoretical models in 2-1-1 dimensions exhibit a number of interesting effects, such as parity 
violation, flavor symmetry breaking, and fractionalization of quantum numbers (see Refs. [1]- 
[7]). An important aspect is the possibility of giving a topological mass to the gauge bosons 
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without breaking gauge invariance. Field theories in 2+1 dimensions provide simple models 
in particle physics and related theories also rise in the long-wavelength description of certain 
planar condensed matter systems, including models of high-temperature superconductivity. An 
interesting application of Dirac theory in 2+1 dimensions recently appeared in nanophysics. 
In a sheet of hexagons from the graphite structure, known as graphene, the long-wavelength 
description of the electronic states can be formulated in terms of the Dirac-like theory of massless 
spinors in (2+l)-dimensional spacetime with the Fermi velocity playing the role of speed of 
light (for a review see Ref. [8]). One-loop quantum effects induced by nontrivial topology of 
graphene made cylindrical and toroidal nanotubes have been recently considered in Ref. [9] . The 
vacuum polarization in graphene with a topological defect is investigated in Ref. [10] within the 
framework of a long-wavelength continuum model. 

The interaction of a magnetic flux tube with a fermionic field gives rise to a number of 
interesting phenomena, such as the Aharonov-Bohm effect, parity anomalies, formation of a 
condensate and generation of exotic quantum numbers. For background Minkowski spacetime, 
the combined effects of the magnetic flux and boundaries on the vacuum energy have been studied 
in Refs. [11^112]. In Ref. |13j we have investigated the vacuum expectation value of the fermionic 
current induced by vortex configuration of a gauge field in a (2+l)-dimensional conical space 
with a circular boundary. On the boundary the fermionic field obeys the MIT bag boundary 
condition. Continuing in this line of investigation, in the present paper we evaluate the fermionic 
condensate for the same bulk and boundary geometries. The fermionic condensate is among the 
most important quantities that characterize the properties of the quantum vacuum. Although 
the corresponding operator is local, due to the global nature of the vacuum, this quantity carries 
important information about the global properties of the background spacetime. The fermionic 
condensate plays important role in the models of dynamical breaking of chiral symmetry (see 
Refs. |14j for the chiral symmetry breaking in Nambu-Jona-Lasino and Gross-Neveu models on 
background of a curved spacetime with non-trivial topology). Note that the combined effects 
of the topology and boundaries on the polarization of the vacuum were studied in Refs. jl5j - 
|18] for the cases of scalar, electromagnetic and fermionic fields. In these papers a cylindrical 
boundary is considered in the geometry of a cosmic string, assuming that the boundary is coaxial 
with the string. The case of a scalar field was considered in an arbitrary number of spacetime 
dimensions, whereas the problems for the electromagnetic and fermionic fields were studied in 
four dimensional spacetime. The fermionic condensate in de Sitter spacetime with toroidally 
compactified spatial dimensions has been recently investigated in Refs. [19] . 

From the point of view of the physics in the region outside the conical defect core, the 
geometry considered in the present paper can be viewed as a simplified model for the non-trivial 
core. This model presents a framework in which the influence of the finite core effects on physical 
processes in the vicinity of the conical defect can be investigated. In particular, it enables us to 
specify conditions under which the idealized model with the core of zero thickness can be used. 
The corresponding results may shed light upon features of finite core effects in more realistic 
models, including those used for defects in crystals and superfluid helium. In addition, the 
problem considered here is of interest as an example with combined topological and boundary- 
induced quantum effects, in which the vacuum characteristics can be found in closed analytic 
form. 

The results obtained in the present paper can be applied for the evaluation of the fermionic 
condensate in graphitic cones. Graphitic cones are obtained from the graphene sheet if one or 
more sectors are excised. The opening angle of the cone is related to the number of sectors 
removed, Nc, by the formula 27r(l — Nc/6), with Nc = 1,2, ... ,5 (for the electronic properties 
of graphitic cones see, e.g., ^20] and references therein). All these angles have been observed 
in experiments |2lj. Note that the fermionic condensate in cylindrical and toroidal carbon 
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nanotubes has been investigated in Ref. [U] within the framework of the Dirac-Uke theory for 
the electronic states in graphene sheet. 

The organization of the paper is as follows. In the next section we evaluate the fermionic 
condensate (FC) in a boundary- free conical space with an infinitesimally thin magnetic flux 
placed at the apex of the cone. A special case of boundary conditions at the cone apex is 
considered, when the MIT bag boundary condition is imposed at a finite radius, which is then 
taken to zero. Two integral representations are provided for the renormalized FC. A simple 
expression is found for the special case of the magnetic flux. In Sect. [3l we consider the FC in 
the region inside a circular boundary with the MIT bag boundary condition. The condensate 
is decomposed into boundary-free and boundary-induced parts. Rapidly convergent integral 
representation for the latter is obtained. Similar investigation for the region outside a circular 
boundary is presented in Sect. [H A special case with half-integer values of the ratio of the 
magnetic flux to the quantum one is discussed in Sect. [5l The main results are summarized in 
Sect. El 

2 Fermionic condensate in the boundary-free geometry 

Let us consider a two-component spinor field ip on background of a (2 + l)-dimensional conical 
spacetime. The corresponding line element is given by the expression 

ds'^ = g^^ydx^dx" = dt^ - dr^ - r'^dcp^, (2.1) 

where r ^ 0, ^ ^ (po, and the points (r, 0) and (r, + (^q) are to be identified. In the 
discussion below, in addition to (j)Q, we use the notation 

q = 27r/0o. (2.2) 

In the presence of the external electromagnetic field with the vector potential A^, the dynamics 
of the field is governed by the Dirac equation 

+ ieA^)^ - mV' = , = 9^ + F^, (2.3) 

where = ^^^^7^"^ are the 2x2 Dirac matrices in polar coordinates and e^^^, a = 0, 1, 2, is the 
basis tetrad. The operator of the covariant derivative in Eq. (j2.3p is defined by the relation 

^, = d, + \i^'^h^'^el^^e^,),,^, (2.4) 

where ";" means the standard covariant derivative for vector fields. In (2 + l)-dimensional 
spacetime there are two inequivalent irreducible representations of the Clifford algebra. Here we 
choose the flat space Dirac matrices in the form 7^'') = (T3, 7^^^ = icri, 7^^^ = ia2, with ai being 
Pauli matrices. In the second representation the gamma matrices can be taken as 7^*^^ = — (T3, 
7^^) = —iai, 7*-^^ = —ia2- The corresponding results for the second representation are obtained 
by changing the sign of the mass, m — )• —m. Note that there is no other 2x2 matrix which 
anti-commutes with all 7*-"^ and, hence, we have no chiral symmetry that would broken by a 
mass term in two-dimensional representation. 

Our interest in the present paper is the FC, {Q\tptjj\Q) = (ipilj), with |0) being the vacuum 
state, in the conical space with a circular boundary. Here and in what follows 'tp = is the 
Dirac adjoint and the dagger denotes Hermitian conjugation. We assume the magnetic field 
configuration corresponding to a infinitely thin magnetic flux located at the apex of the cone. 
This will be implemented by considering the vector potential = (0, 0, A) for r > 0. The 
quantity A is related to the magnetic flux <I> by the formula A = —^/(pQ. 
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First we consider the FC in a boundary-free conical space. It can be evaluated by using the 
mode-sum formula 

(^V> = (2.5) 



where ^} is a complete set of positive and negative energy solutions to the Dirac equa- 

tion specified by quantum numbers a. As it is well known, the theory of von Neumann deficiency 
indices leads to a one-parameter family of allowed boundary conditions in the background of 
an Aharonov-Bohm gauge field [22] . Here we consider a special case of boundary conditions at 
the cone apex, when the MIT bag boundary condition is imposed at a finite radius, which is 
then taken to zero. The FC for other boundary conditions on the cone apex are evaluated in a 
way similar to that described below. The contribution of the regular modes is the same for all 
boundary conditions and the results differ by the parts related to the irregular modes. 

In the boundary-free conical space the eigenspinors are specified by the set a = (7,j) of 
quantum numbers with ^ 7 < oo and j = ±1/2, ±3/2, .... For j 7^ —e^/2TT, the corresponding 
normalized negative-energy eigenspinors have the form [13] 



(-) 

(0)7i 



7- 



E + m 



1/2 



-iqjcj)+iEt 



E+m " i^3^^j 



(7r) 



(2.6) 



where E = y7^±rr?, Ju{x) is the Bessel function. The order of the Bessel function in (12. 6p is 
given by the expression 

= 9|j±«l -ei/2, g = 27r/0o, (2.7) 



with 



and we have defined 



a 



eA/q = 


-e«>/27r. 




j > -a 




3 < -a 



(2.8) 
(2.9) 



The expression for the positive energy eigenspinor is found from ()2.6p by using the relation tp^^ = 
(—)* 

'^iW'yj 1 where the asterisk means complex conjugate. Here we assume that the parameter a is 
not a half- integer. The special case of half- integer a will be considered separately in Sect. [5l 

Substituting the eigenspinors ()2.6p into the mode-sum (12. 5p . for the FC in a boundary-free 
conical space one finds 
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E 



(2.10) 



where means the summation over j = ±1/2, ±3/2, . . .. Of course, the expression on the 
right-hand side of this formula is divergent and needs to be regularized. We introduce a cutoff 

2 

function e~^'^ with the cutoff parameter s > 0. At the end of calculations the limit s — )• is 
taken. The corresponding regularized expectation value is presented in the form 



reg 



qm \ - 

4tt ^ 



E 

j 

00 



d'j'je 



-57 



Y7^ + m? 



4.+,^.(70 -4.(70 



Ji,+.,(7r)±Ji.(7r) 



(2.11) 
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The 7-integral in the first term on the right-hand side is expressed in terms of the modified 
Bessel function Ip{x). In the second term we use the relation 

' dte-(^'+™')*', (2.12) 



and change the order of integrations. After the evaluation of the 7-integral, the regularized FC 
is presented in the form: 

(V^V'>o,reg = j;[/^,.+.,(rV2s) - I^y/2s)] 

j 

„^pm'^s i-r^/2s -1/2 -rn'^r^/2x-x 

- ,/o y / dx- , [/«.+, . (x)+/fl.(x)]. (2.13) 

2(2vr)3/2 ^ Vr2 - 2xs ^ ^ ^^^^^ ^ ^ 

Before further considering the FC for the general case of the parameters characterizing the 
conical structure and the magnetic flux, we study a special case, which allows us to obtain a 
simple expression. 

2.1 Special case 

In the special case with q being an integer and 

a = l/2g-l/2, (2.14) 

the orders of the modified Bessel functions in Eq. (j2.13p become integer numbers: f3j = q\n\, 
j = n + 1/2. The series over n is summarized explicitly by using the formula |23] 

f;'VW = f Ee-™'^'"'/''^ (2.15) 

n=0 ^ k=0 

where the prime means that the term n = should be halved. For the regularized FC we find 
the expressioE^I 



9-1 

s) sin^ (tt fc/g) 

4:113 



1 ''"^ 

mo,re, = -— ^sin2(7rfc/g)e-2(rV2. 



k=l 

^^m^s fr'^/2s ^-l/2p-m'^T^ /2x 

{^T^) ' Jo yr^ - 2xs 

The first term on the right-hand side of this formula vanishes in the limit s — )• 0. In the second 
term the only divergent contribution in the limit s — )■ comes from the k = term. This term 
coincides with the regularized FC in the Minkowski spacetime in the absence of the magnetic 
flux. Subtracting this contribution and taking the limit s — )• 0, for the renormalized FC we flnd 

(V5V')0,ren = E ^ ^-^"^^ sin(../,) ^ (2.17) 

47rr ^-^ sm(7r/c/gj 

Note that the renormalized FC vanishes for a massless field and for a massive field in a conical 
space with q = 2. For other cases the FC is negative. As expected, it decays exponentially at 
distances larger that the Compton wavelength of the fermionic particle. In Fig. [1] the FC is 
plotted versus mr for different values of q. The corresponding values of the parameter a are 
found from Eq. ()2.14p . 



^ Under the condition H2.14|) . the induced fermionic current in a higher-dimensional cosmic string spacetime 
has been analyzed in |24) . 
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Figure 1: Fermionic condensate in a boundary- free conical space, as a function of mr for the 
special case of integer values of q with the magnetic flux defined by Eq. ()2.14p . 

2.2 General case 

For the general case of the parameters q and a, as it is seen from p. 130 . the regularized FC is 
expressed in terms of the series 

Z{q,a,z) = Y,IpM)- (2-18) 

i 

We present the parameter a, related to the magnetic flux by Eq. (|2.8p . in the form 

a = ao + nQ, |ao| < 1/2, (2-19) 
with being no an integer number. Now, Eq. (j2.18p is written as 

oo 

X{q, a,z) = ^ [lq{:n+ao + l/2)~l/2{z) + ^(n-ao + l/2)+l/2(^)] , (2-20) 
?i=0 

which explicitly shows the independence of the series on uq. Note that for the second series 
appearing in the expression of the FC we have 



^/;3^,+,^,(z)=X(g,-ao,^). (2.21) 



From these relations we conclude that the FC depends on uq alone and, hence, it is a periodic 
function of a with period 1. 

In terms of the function (I2.18P , the expression (I2.13P for the regularized FC is written as 

(V'''/'>0,reg = — 2Z ^^iQ:^<^0,r'^/'^s) 

<5=±1 



m^s fr'^/2s -1/2 -m'^r^/2x-x 



For 2p < q < 2p + 2 with p being an integer, we use the representation [13j 



e 



I{q,ao,z) = — + J{q,ao,z), (2.23) 
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with the notation 



J(g,ao,2;) = / ay 



IT Jq cosh(gy) — cos(g7r) 
2 ^ 

+- ^i-iy cos[27r/(ao - l/2g)]e"'=°'^(2-'/'^). (2.24) 

The function in the integrand is defined by the expression 

f{q,ao,y) = cos [gvr (1/2 - ao)] cosh [(gao + g/2 - 1/2) y] 

- cos [qTT (1/2 + ao)] cosh [{qao - q/2 - 1/2) y] . (2.25) 



In the case q = 2p, the term 

_(_ 1)9/2 ^sin(gvrao), ^2.26) 



should be added to the right-hand side of Eq. (I2.24p . For 1 ^ q < 2, the last term on the 
right-hand side of Eq. (|2.24|) is absent. 

In the limit s — )• 0, the only divergent contributions to the functions e~'^ /'^^X{q, =bao, r"^ /2s)/s 
come from the first term in the right-hand side of Eq. (j2.23p . The contribution of this term to 
the FC does not depend on ao and, consequently, the divergences are cancelled in the evaluation 
of the first term in the right-hand side of ()2.22p . This term vanishes in the limit s — )• and, 
hence, it does not contribute to the renormalized FC. Substituting (j2.23p into the second term 
in the right-hand side of Eq. (12.221) . we see that the only divergent contribution comes from 
the term /q. This contribution does not depend on the opening angle of the cone and on the 
magnetic flux. It coincides with the corresponding quantity in the Minkowski spacetime in the 
absence of the magnetic flux. Subtracting the Minkowskian part and taking the limit s — )• 0, for 
the renormalized FC we find: 

= r dxx-^'^e-"''^'/^--- Yl ^i<l,Sao,x). (2.27) 

2(2vr)^/V Jo 

Note that in the case q = 2p the contribution of the additional term (|2.26p to the renormalized 
FC vanishes. 

By taking into account Eq. (|2.24p . the integration over x in Eq. (j2.27p is performed explicitly 
and one finds the following formula 

(V'V')o.en = ^{ - e2n..sin(X) COs(2^/ao) 

1=1 

4tt Jq cosh(y/2) cosh(gy) — cos((77r) / ' 

where p is an integer defined by 2p ^ g < 2p -|- 2. Note that the sum in the integrand may be 
written in the form 

^ /(g,5ao,y) = -2sinh(2//2) cos [g^ (1/2 + 5ao)] sinh[g (1/2 - 5ao) y]. (2.29) 
S=±l S=±l 

For integer q and for the parameter a given by the special value p.l4p , from ()2.28p we obtain the 
result ()2.17p . At distances larger than the Compton wavelength of the spinor particle, mr ^ 1, 
the FC is suppressed by the factor e"^™** for 1 ^ (7 ^ 2 and by the factor g-2m»'sm(7r/(j) g > 2. 
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In the latter case the main contribution comes from the first term in the figure braces of the 
right-hand side in Eq. (j2.28p : 



mcos(27rao) cot{'K/q) 



2'irr 



p2mr sin{7r/g) 



, mr ^ 1. 



(2.30) 



In the special case when the magnetic flux is absent we have ao = and the general formula 
([2:28]) simplifies to 



(V'^)o,ren 

2q 



cot(7r//g) 



27rr I 



1=1 

oo 



H — - cos(g7r/2) 
vr 



dx 



g2mr sin(7rZ/5) 

sinh (qx) tanh(2;)e~^™'' 
cosh(2gx) — cos(g7r) 



}■ 



(2.311 



In this case the FC is only a consequence of the conical structure of the space. For odd values 
of the parameter q the second term in the figure braces vanishes and for the FC we have the 
simple formula 

('?-l)/2 

(0|V'V'|0>0,ren = -T^ V (-1)'-=^- (2-32) 



m_ y^ ; cot(7rVg) 

'27rr ^ p2mr sin{nl / q) 

1=1 



Another limiting case corresponds to the magnetic flux in background of Minkowski spacetime. 
In this case, taking q = 1, from Eq. (j2.28p we find 



(V'V'>o,i 



msin(7rao) 
2^ 



°° ^ sinhx sinh(2aoa;) 

' 2mr cosh x 



cosh^ X e 



(2.33) 



and the FC is negative for ao 0. 

In Fig. [21 the fermionic condensate is plotted as a function of the magnetic flux for a massive 
fermionic field in conical spaces with (j)Q = n (left plot) and (po = 7r/2 (right plot). Note that for 
q = 2 the first term in figure braces of (|2.28p vanishes and the second term contains the factor 
cos (27rao)- Consequently, in this case the FC vanishes at ao = vr/4. 
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Figure 2: The FC as a function of the magnetic fiux for a massive fermionic field in boundary-free 
conical spaces with q = 2 (left plot) and q = 4 (right plot). 
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An alternative expression for the FC is obtained by using the formula [13] 



2 f°° 

I{q, ao, x) = A{q, oq, x) + - I dz h{x) 

Q Jo 
smh.{zTT)Kiz{x) 



4 

T^Q Jo 



dz Re 



^2n{z+i\qao~l/2\)/g _|_ l 



with A{q,ao,x) = for |q;o — l/2g| ^ 1/2, and 



A{q, ao,x) = - sin[7r(|gao - 1/2| - q/2)]K\ga^^i/2\^g/2{x), 



vr 



(2.34) 



(2.35) 



for 1/2 < I ao — 1/2(7 1 < 1- Substituting the representation (j2.34p into the expression (|2.22p for 
the regularized FC, we see that the part with the second term on the right-hand side of ()2.34p 
does not depend on the opening angle of the cone and on the magnetic flux. It is the same as in 
the Minkowski bulk in the absence of the magnetic flux and, hence, it should be subtracted in 
the renormalization procedure. Subtracting the part corresponding to g = 1 and ao = 0, in the 
remaining part the limit s — )• can be taken directly. The first term on the right of Eq. (j2.22p 
vanishes in this limit and for the renormalized FC we find the representation 



(V'V')0,r 



2m 



dxx-'/^e~"''''/ 



2x—x 



(27r)5/2r Jo 

qB{q{\aQ\ - 1/2) + 1/2, x) - 2 I dz K,,{x)h{q, qq, z) 



In this formula we have used the notations 



h{q, Qo, z) = Re 



<5=±1 



sinh(z7r) 



o2TT{z+i\q5ao-l/2\)/g i I 



+ 



sinh(z7r) 
e^^^^ - 1 



(2.36) 



(2.37) 



and 



Biy,x) 



(2.38) 



0, y^O, 
sm{TTy)Ky{x) y > 0. 

The representation (|2.36p is valid for conical spaces with g < 4. For special values q = 2 and 
ao = 1/4, by taking into account that /i(2, 1/4, z) = 0, we see that the FC defined by (|2.36p 
vanishes. 

In the case of a magnetic flux in background of the Minkowski spacetime {q = 1) we find 



O.ren 



2msin(7r|ao|) 

(2^)5/2r 

Kao{x) — 4sin(7r|ao 



Kiz{x) cosh(7r2;) 



dz ■ 



cosh(27rz) — cos(27rao) 
For a conical space in the absence of the magnetic flux the general formula reduces to 

(V'V')o,re 



(2.39) 



(27r)5/2r Jo 
dzKiz{x) 



dxx-^/^-^"- 1^^-^ 
cosh(7rz) cos(7r/g) + cosh[7r2;(2/g — 1)] 



cos\i{2t: z / q) + cos(7r/(/) 



(2.40) 



For q = 2 the integral over z is evaluated explicitly (see, for instance, [23]) and we get a simple 
expression {'4>'il^) o,ren = {m/Tr)'^ dt Ki{2mrt)/t. Recall that for odd values of q we have the 
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simple formula (|2.32|) . For the second representation of the Clifford algebra the renormalized 
FC in a boundary-free conical space changes the sign. 

We can generalize the results given above for a more general situation where the spinor field 
ip obeys quasiperiodic boundary condition along the azimuthal direction 

i>{t,r,cl) + ^o) = e^^'^4^{t,r,^), (2.41) 

with a constant parameter x, \x\ ^ 1/2. With this condition, the exponential factor in the 
expression for the eigenspinors (j2.6p has the form Q-^<i(^+x)4>+tEt ^ The corresponding expression 
for the eigenfunctions is obtained from that given above with the parameter a defined by 

a = x- e$/27r. (2.42) 

The same replacement generalizes the expression of the FC for the case of a field with periodicity 
condition (|2.4ip . 

In general, the fermionic modes in background of the magnetic vortex are divided into two 
classes, regular and irregular (square integrable) ones. In the problem under consideration, for 
given q and a, the irregular mode corresponds to the value of j for which q\j + a\ < 1/2. 
If we present the parameter a in the form (j2.19p . then the irregular mode is present if |q;o| > 
(1 — l/q)/2. This mode corresponds to j = — tiq— sgn(ao)/2. Note that, in a conical space, under 
the condition |q!o| ^ (1 — l/'?)/2, there are no square integrable irregular modes. As we have 
already mentioned, there is a one-parameter family of allowed boundary conditions for irregular 
modes. These modes are parametrized by the angle 9,0 ^ < 27r (see Ref. [22]). For |q!o| < 1/2, 
the boundary condition, used in deriving eigenspinors (|2.6p . corresponds to ^ = 37r/2. If a is 
a half-integer, the irregular mode corresponds to j = —a and for the corresponding boundary 
condition one has ^ = 0. Note that in both cases there are no bound states. 



3 Fermionic condensate inside a circular boundary 

In this section we consider the change in the FC induced by a circular boundary concentric with 
the apex of the cone. We assume that the field obeys the MIT bag boundary condition on the 
circle with radius a: 

(l + m^7nV'|,,=, = , (3.1) 

where is the outward oriented normal (with respect to the region under consideration) to the 
boundary. For the interior region = dj^. In this region the negative-energy eigenspinors are 
given by the expression [13] 

with the same notations as in Eq. (|2.6p . From the boundary condition at r = a we find that 
the eigenvalues of 7 are solutions of the equation 

y 7^ + + m 

For a given /3j, Eq. (|3.3p has an infinite number of solutions which we denote by 7a = 7^^,/, 
Z = 1, 2, . . .. The normalization coefficient in Eq. (j3.2p is given by the expression 



2 (y) + vV + /? 



V^O = 2 / ^ ^ ^ (3-4) 

2(pQa^ y/y2 _^ ^2 
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with the notations fi = ma and 



Substituting the eigenspinors (I3.2p into the mode-sum formula 



(3.5) 



j 1=1 



(3.6) 



for the FC we find 

q 



j 1=1 



J, 



(yr/a) 



1 + 



jUyr/a) , (3.7) 



with y = 7/3^..;. Here we assume that a cutoff function is introduced without exphcitly writing 
it. The specific form of this function is not important for the discussion below. 

For the summation of the series over I in Eq. (j3.7p we use the summation formula (see 

ESI Eel) 



°° POO 1 poo 

^/(7/3„07>(7/3„0= / dxfix)-- dx 
Jo Jo 



4+)(x) 



^7(xe^*/2^^ 



k''^'^*(x) 
+ e'^^"V(a;e-"^/2)^^ 



(3.8) 



where the asterisk means complex conjugate. In this formula, for a given function F(x), we use 
the notation 



F(+)(a 



xF'{x) + (/i + vV-^ - (^jPj)Fix), X < fi, 
xF'{x) + (/i + iyj — /x^ — ej/3j ) -F(x), x ^ fi. 



(3.9) 



Note that for x < fi one has F("^)*(a;) = ^("'"^(x). The ratio of the combinations of the modified 
Bessel functions in Eq. (13. Sp may be presented in the form 



&\x) x[ll{x) + /|+,/x)] + 2^/^^.(x)/;3,+.,(x) ' 



(3.10) 



with the notation defined by 



(±) 



P^,P^+e, (^) = X (2^)^/3, (^) - {x)Kp^+,. (x)] 



(3.11) 



The notation with the lower sign will be used below. 

Applying to the series over / in Eq. (|3.7p the summation formula and comparing with Eq. 
(j2.10p . we see that the term in the FC corresponding to the first integral in the right-hand side 
of Eq. (|3.8p coincides with the condensate in a boundary-free conical space. As a result, the FC 
is presented in the decomposed form 



(^■0) = (V'V'>0,ren + (V'V'>b, 



(3.12) 
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where (V'V')b is the part induced by the circular boundary. For the function f{x) corresponding 
to Eq. ()3.7p , in the second term on the right-hand side of Eq. (jS.Sp , the part of the integral over 
the region (0, fi) vanishes. Consequently, the boundary-induced contribution for the FC in the 
region inside the circle is given by the expression 



q f°° 



m — ■ Re[K\ '{xa)/I\ ' [xa)\ 

y x^ — m'^ ^ ^ 



- [Il (xr) + II^^^ (xr)]Im[K^) (xa)/4+) {xa)] } . (3.13) 

The real and imaginary parts appearing in this equation are easily obtained from Eq. (|3.10p . 
Note that under the change a — )■ —a, j — )■ — j, we have /3j — )• j3j + ej, f3j + €j — )■ From here 
it follows that the real/imaginary part in Eq. (j3.13p is an odd/even function under this change. 
Now, from Eq. (j3.13p we see that the boundary-induced part in the FC is an even function 
of a. For points away from the circular boundary and the cone apex, the boundary-induced 
contribution is finite and the renormalization is reduced to that for the boundary-free geometry. 
This contribution is a periodic function of the parameter a with the period equal to 1. So, if we 
present this parameter in the form (|2.19p with no being an integer, then the FC depends on qq 
alone. 

In the case of a massless field the expressions for the boundary-induced part in the FC takes 
the form 

r-oo Ij(zr/a) + lj {zr/a) 



As it is seen, this part is always negative. We would like to point out that the boundary-induced 
FC does not vanish for a massless filed. The corresponding boundary-free part vanishes and, 
hence, for a massless field {ipip) = (V'V')b- 

Various special cases of general formula (]3.13p can be considered. In the absence of the 
magnetic flux one has a = and the contributions of the negative and positive values of j to 
the FC coincide. The corresponding formulas are obtained from (I3.13P and (13.14p making the 
replacements 

^ ^ 2 Yl ^1^3^(13- 1/2, + e.j ^ qj + 1/2. (3.15) 

j j=l/2,3/2,... 

In the case q= 1, we obtain the FC induced by the magnetic flux and a circular boundary in the 
Minkowski spacetime. And finally, in the simplest case a = and q = 1 one has {tpip)o,Ten = 0, 
and the expression (I3.13P gives the FC induced by a circular boundary in the Minkowski bulk: 



oo 



dx 



^^Qjfi Ini^) + Il+lix) + 2flln{x)ln+l{x)/x 

f W^'^^ (x) 



^fx^ - 

-^l-t,yx^ [Ilixr/a) + /2_,i(xr/a)] }, (3.16) 

where the function W^~^J_^i{x) is defined by Eq. (I3.10p . 

Now we turn to the investigation of the FC in asymptotic regions of the parameters. For 
large values of the circle radius, we replace the modified Bessel functions in Eq. (I3.13p . with xa 
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in their arguments, by asymptotic expansions for large values of the argument. In the case of a 
massive field the dominant contribution to the integral comes from the integration range near 
the lower limit. In the leading order one has 

^^^^^ " 8^^^^ ^ [^^■^'^-+^^- ^"""^ " + ^"""^l ' ^^-^^^ 

and for a fixed value of the radial coordinate, the boundary-induced FC is exponentially small. 

For a massless field, assuming r/a <C 1, we expand the modified Bessel function in the 
numerator of integrand in Eq. (13.140 in powers of r/a. The dominant contribution comes from 
the term j = 1/2 for oq < and from the term j = —1/2 for uq > 0. To the leading order we 
find 



where qa is defined by the relation 

g„ = Q(l/2-|ao|). (3.19) 

Hence, for a massless field the FC decays as a^^^"^"^^-*. 

For points near the apex of the cone, r — )• 0, we use the expansion of the modified Bessel 
function for small values of the argument. The leading term in the boundary-induced FC takes 
the form 

(r/2a)29«-i /-^ , ^2q, 



2^2a2r2(g„ + l/2) 7^ v/i^^ 

^ ^ gc.-l/2,ga+l/2^ ' ^ ' I ,^ 20) 

^[^l^l/2(^) + ^l+l/2(^)] + W,.-l/2(^)/,„+l/2(^) ' 

Note that for a massless field this expression reduces to Eq. (j3.18p . As it is seen, in the 
limit r — )• the boundary-induced part vanishes when |ao| < 1/2 — 1/(2^') and diverges for 
I aol > 1/2 — \/{2q). Notice that in the former case the irregular mode is absent and the 
divergence in the latter case comes from the irregular mode. For the magnetic vortex in the 
background Minkowski spacetime, the boundary-induced contribution diverges as r~2|"ol_ \^ 
case |ao| = 1/2 — l/{2q), corresponding to q^ = 1/2, the boundary-induced FC tends to a finite 
limiting value. 

The boundary-induced part in the FC diverges on the circle. For points near the circle the 
main contribution to Eq. (|3.14p comes from large values of j. Introducing a new integration 
variable y = z/fij, we use the uniform asymptotic expansion for the modified Bessel function 
for large values of the order. To the leading order in the expansion over (1 — r/a) one finds the 
behavior 

1 

87r(a - rf 

This leading term does not depend on the opening angle of the cone and on the magnetic flux. It 
coincides with the corresponding term for the FC in the geometry of a circle in (2+l)-dimensional 
Minkowski spacetime. This asymptotic behavior is well seen in Fig. [3] where the dependence of 
the FC on the radial coordinate is presented for a massless fermionic field for various values of 
the parameter q. The left/right plot corresponds to the value of the parameter ao = O/oq = 0.4. 
Note that, in accordance with the asymptotic analysis given above, for ao = 0.4 the FC diverges 
at the cone apex for g < 5, vanishes for 5 > 5 and takes a finite value for q = b. In particular. 



(V^V')b (3-21) 
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0.0 0.2 0.4 0.6 0.8 
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rja 



Figure 3: The FC inside a circular boundary as a function on the radial coordinate for a massless 
fermionic field. 

for g = 10 one has ('^'0) oc r in the limit r — )• 0. These properties are well seen from the right 
plot of Fig. El 

In Fig. m we present the condensate for a massless fermionic field inside a circular boundary 
as a function of the magnetic flux. The graphs are plotted for r/a = 0.5 and for several values 
of the opening angle of the conical space. Recall that for a massless field the boundary-free part 
in the FC vanishes. 



-0.20F 




-0.4 -0.2 0.0 0.2 0.4 



Figure 4: The FC for a massless field inside a circular boundary as a function of ao. 



4 Fermionic condensate in the exterior region 

In the region outside a circular boundary the negative-energy eigenspinors, obeying the boundary 
condition p.ip with = —5^, have the form [13] 

= ( ) . (4.1) 
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with the function 

gu,p{x,y) = Yl;-\x)Jp{y) - jl-\x)Yp{y), (4.2) 

and Yy{x) being the Neumann function. The barred notation in Eq. ()4.2p is defined by the 
relation 

= -ejzFp,+e,{z) - (A/i^+;^ + /u)F^^-(z), (4.3) 
with F = J,Y and fi = ma. The normalization coefficient is given by the expression 

(■+) (— )* 

The positive-energy eigenspinors are found with the help of the relation ip^n = ciV^V • Note 
that for the region under consideration the conical singularity is excluded by the boundary and 
all modes described by eigenspinors (j4.ip are regular. 

Substituting the eigenspinors into the mode-sum formula (|2.5p . the FC is written in the form 



q ^ / ^ ^.^ 7 ~ "^)ffi-,/3,+., 1^) - (E + m)gl^^p^ (7a, 7r) 



As before, we assume the presence of a cutoff function which makes the expression on the right- 
hand side of Eq. ()4.5p finite. Similar to the interior region, the FC outside a circular boundary 
may be written in the decomposed form ()3.12p . 

In order to find an explicit expression for the boundary-induced part, we note that the 
boundary- free part is given by Eq. (j2.10p . For the evaluation of the difference between the total 
FC and the boundary- free part, we use the identity 



"i^'-"' ,4.6) 



with A = + Ej, and with Hu\x) being the Hankel function. For the boundary-induced 

part in the FC we find the expression 



7 -''/g/M 



\e - m)Hf^^^^{^r) -{E + m)Hf^{^r)\ . (4.7) 

In the complex plane 7, the integrand of the term with / = 1 (/ = 2) decays exponentially in the 
limit Im(7) — )• 00 [Im(7) — )• —00] for r > a . By using these properties, we rotate the integration 
contour in the complex plane 7 by the angle 7r/2 for the term with / = 1 and by the angle — 7r/2 
for the term with / = 2. The integrals over the segments (0, im) and (0, —im) of the imaginary 
axis cancel each other. Introducing the modified Bessel functions, the boundary-induced part 
in the FC is presented in the form 



X {m^l^4=J4^Re[/(;)(za)/4;)(za)] 

-[Kl {zt) + Kl^,^ (^r)]Im[4;) (za)/^;) {za)] } , (4.8) 
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where 

F^-\z) = zF'{z) - {fi + iyG^^^ + ej(3j)F{z). (4.9) 



By using the definition (|4.9p . the ratio in the integrand of Eq. (|4.8p can be written in the 
form 



(4.10) 



with the notation wj^, ^._,_g,(x) defined by Eq. p. lip . Now the real and imaginary parts ap- 
pearing in Eq. (|4.8p are easily obtained from Eq. (j4.10p . By taking into account that under 
the change a — >• —a, j — )■ —j, one has /3j — >• f3j + ej, f3j + ej — )■ f3j, we conclude that the 
real/imaginary part in Eq. ()4.10p is an odd/even function under this change. Now, from Eq. 
(|4.8p it follows that the boundary-induced part in the FC is an even function of a. This function 
is periodic with the period equal to 1. 

For a massless field the expression for the boundary-induced part in the FC simplifies to 



oo 



Kl{zr/a) + Kl (zr/a) 



As in the case of the interior region, the boundary-induced FC does not vanish for a massless filed. 
The corresponding boundary- free part vanishes and, hence, in this case we have (tpip) = (V'V')b- 
When the magnetic flux is absent, a = 0, the corresponding expression for the boundary-induced 
part is obtained from Eq. ()4.8p by the replacements (j3.15p . In particular, for the circle in the 
Minkowski bulk the formula for the fermionic condensate is obtained from Eq. ()3.16p by the 
interchange I ^ K, replacing W^^_^_i{x) — )• n+ii^)- 

Now let us consider the behavior of the boundary-induced part in the FC in the asymptotic 
regions of the parameters. First we consider the limit a — )■ 0, for fixed values of r. By taking 
into account the asymptotics of the modified Bessel functions for small values of the arguments, 
to the leading order we find the expression 



nW^iqo, + 1/2) J^, _ ^2^2 

x[(2mV2 - z2) Kl_,^^{z) - z^Kl^,^^{z)], (4.12) 

with the notation (j3.19p . For a massless field the integral in (j4.12p is evaluated in terms of the 
gamma function and one has 

w).^-"^'"-:''"''^'!'/'' (^Y'-. (4.13) 



27rr2r3(g^ + 1/2) \2r 

Hence, in the limit a — )• and for fixed values of r, the boundary-induced part in FC vanishes 
as a^^" . 

For a massive field, at large distances from the boundary, under the condition mr ^> 1, the 
main contribution to the integral in Eq. (14. 8|) comes from the region near the lower limit of the 
integration. In the leading order we find 



and the boundary-induced FC is exponentially suppressed. For a massless field, the asymptotic 
at large distances is given by Eq. (j4.13p and the boundary- induced condensate decays as r~^''°~^. 
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For points near the circle the main contribution to (j4.1ip comes from large values of j. By using 
the uniform asymptotic expansion for the Macdonald function for large values of the order, 
to the leading order one finds (V'V')b ^ — [87r(r — a)^]~^. The leading term in the asymptotic 
expansion does not depend on the opening angle of the cone and on the magnetic flux. The 
dependence of the FC outside a circular boundary on the radial coordinate is presented in Fig. 
[5] for a massless field for various values of the parameter q. The left /right plot corresponds to 
the value of the parameter ao = 0/ao = 0.4. 




Figure 5: The FC outside a circular boundary as a function on the radial coordinate for a 
massless fermionic field. 

In Fig. m the fermionic condensate is plotted for a massless field outside a circular boundary 
as a function of the magnetic flux. The graphs are plotted for r/a = 1.5 and for several values of 
the opening angle of the conical space. For the exterior region there are no irregular modes and 
the FC is a continuous function of a at half-integer values. In particular, its derivative vanishes 
at these points. Note that this is not the the case for the interior region. 
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Figure 6: The FC outside a circular boundary as a function of the magnetic flux. 
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5 Half- integer values of the parameter a 

In this section we consider the FC for half- integer values of the parameter a. In this case for 
the boundary- free geometry the eigenspinors with j 7^ —a are still given by Eqs. (|2.6|) . For the 
eigenspinor corresponding to the special mode with j = —a one has |13J 

^(-) U\ - { ^'^ tqc<t>+tEt ( 2^^^ sin(7r - 70) \ , . 

^(^)^'-"^'~WorE) [ e*5'^/2cos(7r-7o) i' ^ ^ 



where 70 = arccos [y^{E — m)/2E]. As we have noted, for half- integer values of a the mode with 
j = —a corresponds to the irregular mode. The contribution of the modes with j 7^ — a to the 
FC is the same as before. Special consideration is needed for the mode with j = —a only. For 
the contribution of this mode to the FC one has 

/"OO 

q [°° 1 m + 7sin(27r) — mcos(27r) 
"2^io ^ V72 + m2 ■ ^ ■ ^ 

The part with the last term in the numerator is finite, whereas the part with the first two terms 
is divergent. As before, in order to deal with this divergence we introduce the cutoff function 
g-s7 _ rjij^g integral in the right-hand side of Eq. (|5.2p is expressed in terms of the Macdonald 
function. 

For half-integer values of a, it can be easily seen that for the series in the contribution of 
the modes with j ^ —a one has 

00 

X] ^pM^ = X] = Vqn-l/2{x) + Iqn+l/2{x)] ■ (5.3) 

Summing the contributions from the mode with j = —a and from the modes j 7^ —a, for the 
regularized FC we find the expression 

e'"''/2^o(m2s/2) + 2Ki{2mr) - 2Ko{2mr)]. (5.4) 



After the summation over n by using the formula given in Sect. [H we find the following repre- 
sentation 

- _ m je""'' r^'"^" ^ ^-i/2g-m2rV2x 1^ cot(7r//g) 

^ q sinh(y/2) sinh(gy) g-^™'^ | 



27rr Jo cosh(gy) — cos((77r) cosh(y/2) j 

^"^ [Ki{2mr) - Ko(2mr)] + o(s), (5.5) 



27r2 

where 2p ^ g < 2p + 2. The first term in the figure braces of this expression corresponds to the 
contribution coming from the Minkowski spacetime part. It is subtracted in the renormalization 
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procedure and for the renormalized FC in a boundary-free conical space one finds 

am f°° , sinh(y/2)sinh(Qw) e-2™'^™"'^(2^/2) 

(^V'>0,ren = "^-^ / dy 



Air'^r Jq cosh{qy) — cos(g7r) cosh(y/2) 

_ m ^ cx)s(vrV^^_,^^ _ jrn_ ^^^^^^^^ _ ^^^^^^^^ 

zvrr ^—^ sm[Trl/qj zvr^r 



As before, the FC is a periodic function of a with the period 1. Note that, in the case under 
consideration the renormahzed FC in a boundary- free conical space does not vanish for a massless 
field: 

(V'V'>0,ren = - , n n , m = 0. (5.7) 

This corresponds to the contribution of the irregular mode. 

Now we consider the region inside a circle with radius a. The contribution of the modes with 
j 7^ —a is given by Eq. (13.13^ where now the summation goes over j ^ —a. For the evaluation 
of the contribution coming from the mode with j = —a, we note that the negative-energy 
eigenspinor for this mode has the form |13j 



^^'""^^"VF" 1^ e^-^^/^ cos(7r - 70) J' 

where 70 is defined after Eq. (jS.ip . From boundary condition ()3.ip it follows that the eigenvalues 
of 7 are solutions of the equation 

msin(7a) +7cos(7a) = 0. (5-9) 

The positive roots of this equation we denote by 7; = 7a, / = 1, 2, . . .. From the normalization 
condition, for the coefficient in Eq. (j5.8p one has 



hi = [1 - sin(27a)/(27a)]-i . (5.10) 

Using Eq. ()5.8p . for the contribution of the mode under consideration to the FC we find: 

m,-.^ = y f^ + JiM2l ir/a)-f^cos{2j,r/a) ^^^^^^ 

«'^o^=i y^fT7[l-sm(27/)/(270] 

where fj, = ma and the presence of a cutoff function is assumed. For the summation of the series 
in Eq. (j5.1ip . we use the Abel-Plana-type formula 

y> vr/(70 _ ^/(0)/2 j T d J ^''^ ' ^ ^'"'^ (5 12) 

^l-sin(270/(270" V/^ + 1 + io ^ Jo f^e^^ + 1 ' ^ ^ ^ 

The latter is obtained from the summation formula given in [27] (see also [26]) taking bi = 
and 62 = —1/lJ'- For the functions f{z) corresponding to Eq. ()5.1ip one has /(O) = 0. The 
second term on the right-hand side of (j5.12p gives the part corresponding to the boundary-free 
geometry. As a result, the FC is presented in the form 

= (V'V')0j=-a + (V^V')b,i=-a, (5.13) 
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where the boundary-induced part is given by the expression 



oo 



, , ,. m — X smh.(2xr) — m cosh(2xr) 
(V'^)b,i=-a = / dx (5.14) 



m 

x—m' 



The contribution of the modes j ^ —a remains the same and is obtained from the corresponding 
expressions given above for non-half-integer values of a by the direct substitution a = 1/2. 
Expression (|5.14p for the boundary induced part is simplified for a massless field 



4^2 ^2 



vrr/a ^ 



sin(7rr/a) 



(5.15) 



Note that this part is finite at the circle center. By taking into account Eq. (j5.7p and adding 
the contribution coming from the modes with j ^ —a, for the total FC one finds 



oo 



_Q_X- 1^, "g«-i/2(Wa) + V+i/2(Wq) 



4vrarsm(Wa) -'a^h'^ '^1^-1/2 W + ^^+1/2 W ' ^''''^ 

The expression on the right-hand side is always negative. The first term dominates near the cone 
apex. Near the boundary this term behaves as (1 — r/a)~^, whereas the second term behaves 
like (1 — r/a)~'^. Hence, the latter dominates near the circle. 

In the region outside a circular boundary there are no irregular modes and the FC is a 
continuous function of the parameter a at half-integer values. The corresponding expression is 
obtained taking the limit oq 1/2: {-iptp) = liniQf,_j.i/2[(''/'^)o,ren + (V'^)b], where the separate 
terms are given by expressions ()2.28p and ()4.8p . However, note that the limiting values of the 
separate terms {'ipip)o,ren and {'ipip)^, defined by these expressions, do not coincide with the 
boundary-free and boundary-induced parts of the FC at half-integer values of a. 



6 Conclusion 

In this paper we have investigated the FC in a (2+l)-dimensional conical spacetime with a 
circular boundary in the presence of a magnetic flux. The case of massive fermionic field is 
considered with the MIT bag boundary condition on the circle. As the first step we have 
considered a conical space without boundaries and with a special case of boundary conditions 
at the cone apex, when the MIT bag boundary condition is imposed at a finite radius, which is 
then taken to zero. For the evaluation of the FC the direct summation over the modes is used 
with the spinorial eigenfunctions (12. 6p . If the ratio of the magnetic flux to the flux quantum is 
not a half-integer number, the regularized FC with the exponential cutoff function is given by 
expression ()2.13p . A simple expression for the renormalized FC, Eq. ()2.17p . is obtained in the 
special case when the parameter q is an integer and is related to the parameter a by Eq. (j2.14p . 
In this special case the renormalized FC vanishes for a massless field and for a massive field in 
a conical space with q = 2 and is negative for other cases. 

For the general case of the parameters q and a, a convenient expression for the regularized 
FC is obtained by using the integral representation (j2.23p for the series involving the modified 
Bessel function. This formula allows us to extract explicitly the part in FC corresponding to 
the Minkowski spacetime in the absence of the magnetic flux. Subtracting this part, for the 
renormalized FC we derived formula (j2.28p . At distances larger than the Compton wavelength 
of the spinor particle, mr ^ 1, the FC is suppressed by the factor e"^™' for I ^ q < 2 and 
by the factor e~2™»'sin(7r/(j) £qj. q ^ 2. In the special case when the magnetic flux is absent the 
general formula simplifies to Eq. (I2.31|) . Another limiting case corresponds to the magnetic 
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flux in background of Minkowski spacetime with the renormahzed FC given by Eq. (|2.33|) . 
An alternative expression for the FC is obtained by using the integral representation (|2.34p 
for the series involving the modified Bessel function. This leads to the expression (|2.36p for 
the renormahzed FC. In the special cases of a magnetic flux in background of the Minkowski 
spacetime and for a conical space in the absence of the magnetic flux the general formula reduces 
to Eqs. (f239D and (E^OD, respectively. 

In Section [3] we have considered the FC inside a circular boundary concentric with the 
apex of the cone. The corresponding eigenspinors are given by the expression (j3.2p and the 
eigenvalues of the quantum number 7 are solutions of Eq. ()3.3p . The mode-sum for the FC 
contains series over these solutions. For the summation of this series we have used the Abel- 
Plana-type formula (13. Sp . This allows us to decompose the FC into the boundary- free and 
boundary-induced parts, Eq. ()3.12p . with the boundary-induced part given by Eq. ()3.13p . The 
asymptotic near the cone apex is given by Eq. (j3.20p . In this limit the boundary-induced part 
vanishes when |ao| < 1/2 — 1/(29) ^^'i diverges for |ao| > 1/2 — l/(2g')- In the former case the 
irregular mode is absent and the divergence in the latter case comes from the irregular mode. 
The boundary-induced FC diverges on the circle. The leading term in the asymptotic expansion 
over the distance from the boundary is given by Eq. (j3.2ip . This term does not depend on the 
opening angle of the cone and on the magnetic flux and coincides with the corresponding term 
for the FC in the geometry of a circle in (2-|-l)-dimensional Minkowski spacetime. 

The region outside a circular boundary is considered in Section |4l The boundary-induced 
part of the FC in this region is given by Eq. (j4.8p . This expression is obtained from the 
corresponding formula for the interior region by the interchange of the modifled Bessel functions 
/ and K. For a massless field the general formula is simplified to Eq. (14. lip and the boundary- 
induced part is negative. In the limit when the circle radius tends to zero, a — t- 0, and for a 
fixed value of r, the boundary-induced part in FC vanishes as 0^'^°'. At large distances from the 
boundary, for a massive field, the asymptotic behavior is given by Eq. (j4.14p and the boundary- 
induced FC is exponentially suppressed. For a massless field, the asymptotic at large distances 
is given by Eq. ()4.13p and the boundary-induced condensate decays as r~'^i°'~''^. 

The special case of the magnetic fiux corresponding to half-integer values of the parameter 
a is discussed in Section [5l For this case the contribution of the mode with j = —a should 
be considered separately. The renormahzed FC in the boundary-free geometry is given by Eq. 
()5.6p and does not vanish in the massless limit. In the region inside a circular boundary the 
contribution of the special mode with j = —a to the FC is given by Eq. (I5.14p and is finite at 
the circle center. For a massless fermionic field the total FC inside a circular boundary is given 
by Eq. (|5.16p and is negative. In the region outside a circular boundary the FC is a continuous 
function of the parameter a at half-integer values and the corresponding expression is obtained 
from that in Section [J] taking the limit qq — >• 1/2. 
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